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Abstract. In the present paper, we study Lotka-Volterra (LV) type operators 
defined in finite dimensional simplex. We prove that any LV type operator is a 
surjection of the simplex. After, we introduce a new class of LV-type operators, 
called MLV type. We prove convergence of their trajectories and study certain its 
properties. Moreover, we show that such kind of operators have totaly different 
behavior than f-monotone LV type operators. 
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1. Introduction 

Lotka-Volterra (LV) systems typically model the time evolution of conflict- 
ing species in biology [I, 37]. They have been largely studied starting with Lotka 
[17] and Volterra [38]. There are many other natural phenomena modelled by LV 
systems (see [32]). On the other hand, the use of LV discrete-time systems is a 
well-known subject of applied mathematics [19]. They were first introduced in a 
biomathematical context by Moran [22], and later popularized by May and collabo- 
rators [20, 21]. Since then, LV systems have proved to be a rich source of analysis 
for the investigation of dynamical properties and modelling in different domains, not 
only population dynamics [6, 2, 13, 18, 26], but also physics [28, 34], economy [4], 
mathematics [7, 14, 19, 32, 36, 35]. Typically in all these applications, the LV sys- 
tems are taken quadratic. It is natural to investigate non-quadratic LV systems. In 
[10] were introduced, generalizing the LV systems, to model the interaction among 
biochemical populations. Cubic polynomial LV vector fields have appeared explicitly 
modelling certain phenomena arising in oscillating chemical reactions as the socalled 
Lotka- Volterra-Brusselator (see [5]) and in well-known predator-prey models that 
give rise to periodic variations in the populations (see [3, 16], etc). In [9] the global 
phase portraits in the Poincare disc of the cubic polynomial vector fields of LV type 
having a rational first integral of degree 2 is classified. There, the linearizability 
problem for the two-dimensional planar the cubic polynomial vector fields of LV 
type having a rational first integral of degree 2, is investigated. The necessary and 
sufficient conditions for the linearizability of this system are found. 

Recently, the family of discrete-time systems termed quasipolynomial (QP) 
has attracted some attention in the literature [11]. In this context, it is worth noting 
that the interest of QP discrete systems arises from several different features. In the 
first place, they constitute a wide generalization of LV models. However, LV sys- 
tems are not just a particular case of QP ones but play a central, in fact canonical 
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role in the QP framework, as will be appreciated in what is to follow. In [12] the 
quasipolynomial (QP) generalization of LV discrete-time systems is considered. Use 
of the QP formalism is made for the investigation of various global dynamical prop- 
erties of QP discrete-time systems including permanence, attractivity, dissipativity 
and chaos. The results obtained generalize previously known criteria for discrete LV 
models. 

In [25] it is established new sufficient conditions for global asymptotic stability 
of the positive equilibrium in some LV-type discrete models. Applying the former 
results [24] on sufficient conditions for the persistence of nonautonomous discrete LV 
systems, conditions for the persistence of the above autonomous system is obtained, 
and extending a similar technique to use a nonnegative Lyapunov like function offered 
by [30], new conditions for global asymptotic stability of the positive equilibrium is 
found. 

The mentioned papers show importance the study of limiting behavior of dis- 
crete LV type operators. Therefore, in [8] f-monotone LV type operators on the 
simplex have been defined. It was proved the existence of Lyapunov functions for 
such operators which allowed to study limiting behaviors ones. Continuing the pre- 
vious investigations, in the present paper, we first show that any LV type operator 
is a surjection of the simplex. After, we introduce a new class of LV type operators, 
called MLV type, on the simplex. We shall prove convergence of their trajectories 
and study certain its properties. Moreover, we show that such kind of operators have 
totaly different behavior than f-monotone LV type operators. 



be the (m — 1)— dimensional simplex. One can see that the points = 
{Sik,S2k, ■ ■ ■ ,(^nik) are the extremal points of the simplex S"^~^, where Sik is the 
Kronecker's symbol. 

Let / = {1, 2, . . . , m} and a be an arbitrary subset of /. The set 

Tc, = {xe S""'^ : Xjfc = 0, k^a} 
is called a face of the simplex. A relatively interior riTa of the face Fq is defined by 

riVa = {x e Fa : Xk > 0, k E a}. 
The center of the face Fq, is defined by 



where a = {ii,i2, ■ ■ ■ , ir}, «i < ?2 < • • • < V and |a| is the cardinality of a set a. 



Given a mapping f : a; G 5"™ ^ —>■ {fi{x), f2{x), . . . , fm{x)) G M"^ in what 
follows, we are interested in the following operator defined by 



2. Preliminaries 



Let 



S'' 



im—l 





{Vx)k = xk{l + fk{x)), k = l,m X e S' 



im—l 



(2.1) 
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Proposition 2.1. Let V be an operator given by (2.1). The following conditions 

are equivalent: 

(i) The operator V is continuous in S^~^ and V{S^~^) C S^~^. Moreover, 
V{rira) C riTa for all a C I. 

(ii) The mapping f = (/i, /2, . . . , fm) '■ S"^~^ satisfies the following condi- 
tions: 

1^ f is continuous in S'^~^; 

2° for every x G S'^~^ one has fk{x) > —1, for all k = l,m; 

m 

3° for every x G S'^~^ one has Xkfk{x) = 0; 

k=l 

4° for every a G I one holds fk{x) > — 1 for all x G riVa and k E a. 
Proof, {i) =^ {ii). The continuity of V implies 1°. Take x G S'^~^ and it yields that 

m 

(a) {Vx)k > 0; (b) J2 {^^)k = 1- Hence, from (a) it follows that Xk{l + fk{x)) > 

k=l 

which implies 2^. Prom (b) one has 

m m 
'^Xk + ^Xkfk{x) = 1 
fe=l k=l 

which immediately yields 3^. 

Let X G riTa, then Vx G riTa which with (2.1) and Xk > for all A; G a 
implies that fk{x) > —1 for all k £ a this means 4^^. 

The implication (ii) =^ (i) is evident. □ 

We say that an operator V defined by (2.1) is Lotka-Volterra (LV) type if one 
of the conditions of Proposition 2.1 is satisfied. The corresponding mapping f is 
called generating mapping for V. From Proposition 2.1 we immediately infer that 
any LV type operator maps the simplex S"^~^ into itself. By V we denote the set of 
all LV type operators. 

Note that first such kind of operators were considered in [8] and there were 
proved the following theorem. 

Theorem 2.2 ([8]). Letf= (/i, /2, ...,/„): M'" ^ M'" be a linear mapping. Then 
f satisfies the conditions l" — 4" if and only if one has 

m 

fk{x) = ^ akiXi, k = T~m (2.2) 

i=l 

with 

aki = -aik, lojfcil < 1 VA;,z = l,m. 
Remark 2.3. Note that LV type operator V : S'^~^ S'^~^ with generating map- 
ping given by (2.2), i.e. 

{Vx)k = Xkil + '^akiXij, k = l,m (2.3) 

where aui = —aik, \aki\ < 1, for all k,i = l,m, is called quadratic volterrian opera- 
tors. By QV we denote the set of all quadratic volterrian operators. In [7, 23, 36, 39] 
limiting behavior of quadratic volterrian operators were studied. 
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Given G S*™ ^, then the sequence {x^, Vx^, V'^x^, • • • , V^x^, • • • } is called 
a trajectory of V starting from the point x^, where V'^'^^x^ = V{V'^x^),n = 1,2,... 
By uj{x^) we denote the set of all limiting points of such a trajectory. 

A point x E is called fixed if Vx = x and by Fix{V) we denote the set of 

all fixed points of V. A point x G S"^~^ is called r-periodic if V^x = x and V^x ^ x 
for alH G 1, r — 1. 

Let us introduce some necessary notations taken from [31] (see also [27, 33]). 
Let f7 be a bounded open subset of R™. For f G C^{U) the Jacobi matrix of f at 
X G U is f (x) = {dxifj{x))Y^j^i and the Jacobi determinant of f at x G C/ is 

Jt{x) = detf (a;). 

Given ?/ G M™ let us set 

DliU) = {feC'iU):y^ f(9C/)}, Dy{U) = {f G C{U) : y i f(5C/)}. 

A function deg : f G Dy{U) — deg(f, U,y) G M is called degree of f at y if it 
satisfies the following conditions: 

(Dl) deg(f,[/,y) = deg(f-y,C/,0); 

(D2) deg(/d, U,y) = 1 if y £ U, where Id is an identity mapping. 

(D3) If Ui, U2 are open, disjoint subsets of U such that y ^ {{U \ {Ui U U2)), then 

deg(f, U, y) = deg(f, Ui,y) + deg(f, U2,y); 
(D4) If H{t) = (1 - t)i+ tg G Dy{U), t G [0, 1], then deg(f, U,y) = deg(g, U,y). 

Theorem 2.4 ([33]). There is a unique degree deg satisfying (D1)-(D4)- Moreover, 
deg{-, U,y) : Dy{U) ^ Z is constant on each component and given f G Dy(U) we 
have 

deg(f , U,y)= ^ signJj{x) 

where f G Dl(U) is in the same component of Dy{U), say ||f — f|| < dist{y,f{dU)), 
such that y G RV{f) = {y £ M™|Vx G f^^y) : JfU) + 0}. 

Theorem 2.5 ([15]). If the degree of the mapping f : S"*"^ S'^~^ is not zero then 
the mapping f is onto (i.e. surjective). 



3. SURJECTIVITY OF LOTKA-VOLTERRA TYPE OPERATORS 

In this section we shall show that all LV type operators are surjective. 

Theorem 3.1. Any LV type operator given by (2.1) maps simplex S"^~^ onto itself. 
Namely, V is a surjection of S'^~^ . 

Proof. Consider a family od operators : S"^~^ S"^~^ given by 

{Vex)k = Xk{l + efk{x)), k = l,m, 

where < e < 1, which homotopical connects an identity mapping Id : S'^~^ — > 
S"^~^ and the LV type operator (2.1), i.e. = {1 — e)Id+eV. According to Theorem 
2.4, (D2) and (D4) we have deg(V) = deg(Id) = 1. Therefore, Theorem 2.5 implies 
that LV type operator (2.1) is a surjection of S"^~^. □ 
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It is well known (see [15]) that any continuous bijective mapping of a compact 
set to itself is homcomorpliism of compact, hence we have the following 

Corollary 3.2. Any LV type operator given by (2.1) is homeomorphism of the sim- 
plex if and only if it is injective. 

Remark 3.3. Note that any quadratic volterrian operator given by (2.3) is a home- 
omorphism of the simplex (see [7]). It is worth to note that not all LV type operators 
are homeomorphisms of the simplex (see Example 5.10). 

4. M— LOTKA-VOLTERRA TYPE OPERATORS. 

In this section we introduce a class of LV type operators, called M— LV, and 
study their asymptotic behavior. 
Given x e S"^"^ put 

M{x) = {i & I : Xi = max Xfcj, 

k=l,m 

here as before / = {1, . . . , m}. 

Definition 4.1. An LV type operator given by (2.1) is called Mi—Lotka-Volterra 
(for shortness MiLV) (resp. Mq— Lotka-Volterra (MqLV)) if for each x G 5"™-! and 
for all k G M(x), j = l,m the functional 

(p{x) =Xk- Xj 

is increasing (res. decreasing) along the trajectory of V starting from the point x, 
i.e. ip{V''x) < ip{V''+^x), k>0 (resp. (p{V''x) > ip{V''+^x), k>0) 

By VM.I and VAio we denote the sets of all MiLV and MqLV type operators, 
respectively. 

Note that in [8] LV type operators with functionals of the form ip{x) = 
HfeLi a^fe* has been investigated. 

Remark 4.2. It immediately follows from the definition that 

VMi n VMo = {Id}, 
where Id : S'^~^ — ^ S'^~^ is an identity mapping. 

Proposition 4.3. Let Vq and V\ be M\LV (resp. MqLV) type operators. Then the 

following conditions are satisfied: 

(i) The operator Vi o Vq is MiLV (res. MqLV) type. 

(ii) For each A G [0, 1] the operator (1 - A)Vb + AVi is MiLV (res. MqLV) type. 

Proof. Without loss of generality we may suppose that the operator Vq and Vi are 
MiLV type. Then for each x G S"^~^ and for all k G M{x), j = l,m we have 

Xk - xj < iVQx)k - {Vox)j < iVi{Vox))k - iVi{VQx))j 

which implies that Vi 0V2 G VM.i. 
Now for all A G [0, 1] one finds 

Xk-Xj = {1 - X){xk - Xj) -\- X{xk - Xj) 

< (1 - X){{Vox)k - {Vox)j) + Xmx)k - {Vix)j) 

= ((1 - X)Vox + XVix)k - ((1 - X)Vox + XVix)j, 
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that yields the required assertion. 

By the similar argument one can prove the statements for the case of MqLV 
type operators. □ 

Corollary 4.4. The sets VMi and VMq are convex. 

Let us provide sonic examples of MiLV and MqLV type operators, respectively. 
Example 4.5. Let us consider an operator V^/ defined by 

(y,,ix)k = xk(^l + e (^xi - ^ ^ j j , A; = (4.1) 

where < £ < 1 and ieN. 

Let us first show that operator given by (4.1) is an LV type. One can imme- 
diately see that the generating mapping f^^^ : S"^~^ M."^ of V^^^ is given by 

^ [4 - E -^') ' ^ (4 - E 4^') , • • • , ^ (xL - E 

X — 1 % — 1 % — 1 

which is obviously continuous. The inequality 

(f,,^(x))fe + l = e(xi + f2xi{l-xi)]+l-e>0 
^ i=i ^ 

shows that (f£^£(x))fc > —1, for any x G S'^~^ and k = l,m. 
One can see that 

m y tn in riL \ 

E ^k%A^)h = e E 4-"' - E E ^0 = °- 

fc=l ^fe=l i=l k=l ' 

Take any subset a C /, then the inequality (4.2) imphes that (f£,£(a;))fc > — 1, 
for every x G riFa and A; G a. This means that V^,^ is a Lotka-Volterra type operator. 

Now let us establish that V^^g is MiLV type. Indeed, take any x G S'^~^ and 
one easily finds that 



(4.2) 



(I m \ 

1 + e^x1r''x'j - e E 4'^^ ) • 
r=0 i=l ^ 



(4.3) 



On the other hand, the following relation 

I m t m 

1 + £ E 4-'' 4 - ^ E = 1 - ^ + ^ E 4-'' 4 + eY.x,{l-xl)>Q (4.4) 

r=0 1=1 r=0 i=l 

with (4.3) implies that 

sign{{V^^e,x)k - {Vs,ix)j) = sign{xk - xj), 

which means 

MiVe,ex) = Mix). 
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Take k G M{x), then we have 

£ m m £ 

r=0 1=1 i=l r=l 

for all j = 1,171. Hence, from (4.3), (4.5) we obtain 

for every k € M(x) and j G /. 

By the similar argument used in Example 4.5, we can show that the following 
operator W^^£ is MqLV type. 

Example 4.6. Let us consider an operator W^^i : S"^"^ — S"^"^ defined by 

{W,,ex)k = ^fc (^1 + £ (^E -xij^,k = T^ (4.6) 

where < e < 1 and £ eN. 

Observe that by means of the provided examples and Proposition 4.3 one can 
construct lots of nontrivial examples of MiLV and MqLV type operators, respectively. 

To study stability properties of MqLV and MiLV type operators we need the 
following auxiliary result. 

Lemma 4.7. If for a sequence {x^'^^j^Q S'^~^ and some k E I the limits 



n— >oo 



lini^ [xl. — Xj j , V j = l,m, (4-7) 



exist, where x^"^ = {x^^\x'^\ . . . ,Xm^), then the sequence {x^'^^}^^q converges. 
Proof. The convergence of the sequences Ixl"^ — x^"H , for all j = l,m, implies 

L -' J n=0 

f " (n) (n) 1 °° 

the convergence of a sequence < ^ (^fc ~ j) \ ■ Then the equality 

I j=i J n=0 



mxj^ 



m m rn 



(n) _ 

j=l ' ■ j=l j=l 



implies the convergence of the sequence {x[,"^}^q. Prom (4.7) we obtain the conver- 
gence of {Xj"^}^0) for all j = l,m which yields the convergence of {x^'^^}'^^q. □ 

Now we are ready to prove stability property of MqLV and MiLV type opera- 
tors. 

Theorem 4.8. Let V be a MiLV (resp. MqLV) type operator. Then the trajectory 
{y"x}J^Q converges for every x G S"^~^, i.e. io{x) is a single point and io{x) G 
Fix{V). 
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Proof. Let 1^ be a MiLV type operator. Then for some k G M{x) and all j = l,m 
we have 

Xk - Xj < {Vx)k - (Vx), < ■ ■< (y"x)fe - iV^x)j <•••<! 

Therefore the sequence {{V'^x)k — {V"'x)j}^^Q converges. It follows from Lemma 
4.7 that the trajectory {V"'x}^^q converges. 

By the similar way the statement can be proved for a MoLV case. □ 

Lemma 4.9. Let V be a MiLV type operator. Then for every x G S'^~^ and for all 
n G N one has 

MiVx) = M{x). 
Moreover, if there exists a limit lim V^x = x* then M(x*) = Mix). 

n— »oo 

Proof. Let k G M{x). Since V is MiLV type then for every j = l,m one has 

0<xk-xj< {Vx)k - {Vx)j <■■■< iV''x)k - iV''x)j <■■■ (4.8) 

which implies that k G M(F"x) i.e. 

M{x) C M(F"ar). (4.9) 

Now we show the inclusion M{V'^x) C AI{x). Assume from the contrary, i.e. there 
is k() G M[V'^x) that /cq ^ M{x). Now take any ki G M(x), then from (4.9) wc infer 
that ki G M{y'"-x) which means iV^x)}-^ — {y'^x)^^ = 0. On the other hand, from 
(4.8), (4.9) we have that 

< Xfei - Xk, < {Vx)k, - iVx)ko < ■ ■ ■< {V''x)k, - (l^"x)fco = 

which is a contradiction, hence M{V"'x) C M{x). Thus, we have M(F"x) = M{x), 
for any n G N. 

Now assume that {F"x}^o converges to x*. Then from (4.8) one has 

Xk - Xj <xl-x* (4.10) 

for all k G M(x) and j = l,m. Then (4.10) yields that 

M{x) C M{x*). (4.11) 

Now we show the inverse inclusion M(x*) C M(x). Assume from the contrary, i.e. 
there is ko G M(x*) that ko ^ M{x). Then we use the same argument as above, i.e. 
for any ki G M{x) it follows from (4.10), (4.11) that 

0<Xk^- Xk„ < xl^ - .T^y = 0. 

Again, the last contradiction shows that M{x*) C M{x) or M{x*) = M{x). □ 

Remark 4.10. Note that in general a similar result as Lemma 4-9 is not satisfied 
for MqLV type operators (see Observation 5.8). 

Theorem 4.11. Let V be an MiLV type operator. Then the centers of all faces of 
the simplex are fixed points of V and 

\Fix{V)\ > 2"" - 1, (4.12) 

here as before \A\ stands for the cardinality of a set A. 
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Proof. Let V be an MiLV type operator and = {xi, . . . , x^) be the center of the 
face Ta, i.e. 



[ 0, k ^ a. 

where a C I. 

It is clear that M(x'^) = a. According to Theorem 4.8 the trajectory {V"'x'^}^^q 
converges to some point x* which is a fixed point of V. Since the face Ta is invariant 
w.r.t. V then x* G Tq. According to Lemma 4.9 we have 

M{x*) = M(x°) = a. (4.13) 

which means x* G riT^- On the other hand, it follows from (4.13) that all non null 
coordinates of x* are maximal, it means x* = x'^. So, x° is a fixed point of V. 
It is clear that the number of faces of the simplex is 

m 

5;c;, = 2--i, 
1=1 

so we have (4.12). □ 

Remark 4.12. Note that the operator Ve/ given by (4.1) was first considered in 
[29], in a particular case, when e = 1, I = 1. There, it was established that for every 

x^ G S"^~^ the trajectory {V{^iX^}^^q starting from any x^ € S"^^^ always converges. 
Since the operator (4.1) is also Mi LV type then according to Theorem 4-8 for every 
x^ G S'^~^ the trajectory {VJ^^x^jJ^Q always converges for all < e < 1 and i eN. 

Now for the particular operator V^^i we are going to find a limit point of the 



trajectory {V^"x°}^, 



0- 



Observation 4.13. Let x^ G 5"*"^ and M{x^) = {ki,k2,..., K}, where ki < k2 < 
■ ■ ■ < kr, then for the operator V^/ given by (4.1) one has 

lim y,>o= (o,...,o, - ,o,...,o, - ,o,...,o, - ,o,...,oy 

fei hi kr 

Proof. Without loss of generality we may suppose that G riS™"-*^, otherwise it 
is enough to consider the restriction of Vs^i on the face of the simplex, where 
ao = supp{x^). Here supp{x^) = {i G I : 7^ 0}. 

One can check that all fixed points of the operator V^^e are only the centers of 
faces i.e. if a C / and a = {11,12, ■ ■ ■ ,ir} then 

FixiVe,i)= M fo,...,o, ^,o,...,o, ^,o,...,o, ^,o,...,o') 

\ I'^l 1*^1 I'^l J 

il 12 ir 

Since the trajectory {V^^x^^^^q converges (see Remark 4.12) and its the limit 
point is a fixed point of V^/ so we need to show that the limit point is the center of 
the face T^(^^oy 
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Assume from the contrary that is the hmit point x* of the trajectory 
{V^^x^}^^Q is a center of another face Tj, where 7 / M(x^). Then it is clear 
M(x*) = 7 which contradicts to Lemma 4.9. □ 

It is interesting to know whether is there a quadratic volterrian operator (2.3) 
which is the MiLV type operator. 

Theorem 4.14. A quadratic volterrian operator given by (2.3) is Mi LV type if and 
only if one has 

o-ki = 0) V k,i = l,m, 

i.e. 

VMi n QV = {Id}, 
here as before Id : S'^~^ — > S"^~^ is an identity mapping. 

Proof. If part. Let a quadratic volterrian operator given by (2.3) be MiLV type. 
According to Theorem 4.11 each center of all the face of the simplex is a fixed point 
of operator given by (2.3). In particular, the centers of all one dimensional faces 



(0,...,0, ^ ,0,...,0, ^ ,0,...,0 



k i 

are fixed points. Then we have the following 

r {Vx% = l{l+aki^) = l 

{ {Vx% = Ul + aikh) = h 



2' 



which means a^i = for all k,i = l,m. 

Only if part is obvious. This completes the proof. □ 

Problem 4.15. At a moment similar results as Theorems 4-11 > 4-H open for 
the MqLV type operators. 

5. f— MONOTONE LOTKA-VOLTERRA TYPE OPERATORS 

In this section we recall a notion of f— monotonicity of LV type operator and 
study its properties. 

We first recall [33], [27] that a mapping f : S'^~^ M"* is called monotone on 
the simplex S'^~^ if for every points x,y E S'^~^ the following condition is satisfied 

(f(x)-%),x-y) >0, (5.1) 

where {x,y) stands for the standard scalar product in M™. 

Observe that for a generating function f of LV type operator, its monotonicity 
can be replaced by 

{i{x),y) + {x,f{y))<0, x,yGS'^~\ 

Definition 5.1. An LV type operator (2.1) is called i— monotone if its generating 
mapping f : S'^~^ — > is monotone on S'^~^. 

By !FV we denote the set of all f— monotone LV type operators. 
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Example 5.2. Now we are going to show that LV type operator V^^^ (see (4.1)J 
defined in Example 4-5 is f— monotone. 

Indeed, we have 

{^6,e{^) - ^e,i{y)^ x-y) = -{x, fsAy)) - %/{x),y) 



k=l ^ i=l ^ k=l ^ 1=1 

(m m m m \ 

k=l k=l k=l k=l ^ 

m 

£^{xk - yk){x[ - yi) 



k=l 

m 



= ^J2^xk - ykfixl 1 + xl ^yk + ... + xkyi ^ + yi ^) 

k=l 

> 0. 

which shows the operator V^^ is f— monotone. 

Note that f— monotone LV type operators have the following properties. 

Theorem 5.3 ([8]). Let V be a f— monotone LV type operator on S'^~^ then the 
following assertions hold true: 

(i) V is a homeomorphism of the simplex. 

(ii) For any G riS^~^, Vx^ ^ x^ the set of all limit points u){x^) of the 
trajectory {V^x^^^^^^ belongs to the boundary dS^~^ of the simplex. More- 
over either \ijj{xP)\ = 1 or lci;(a;'^)| > i^o, here as before \io{x^)\ means the 
cardinality of the setLo{x^). 

(iii) V has no periodic points (except for fixed points) . 

Remark 5.4. LfV is not f— monotone then each of the given statements in Theorem 
5. 3 may not be satisfied. Lndeed let us consider the following examples. 

First we note that in all provided examples below V is not f— monotone. 

Example 5.5. Consider an operator V given by 



, k-l k-l X 

(Vx)k = Xkixl + Sy^Xj - 3 XiXjj, k = l,m. 

i=l i,j=l,i<j 

Let us first show that the defined operator is LV type. 
Since for all k = 1, m we have 

k-l k-l k-2 / k-l \ 

^Xi- ^ XiXj = ^ Xj I 1 - ^ Xj\+ Xk-1 > 0, (5.3) 

1=1 i,j=l,i<j i=l \ j=i+l I 



(5.2) 



which implies that {Vx)k > for any x G S"^ and k = l,m. 
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Denote 

(rn \ 3 A;— 1 / m \ ^ k—1 m 

+3 ^ XiXj -^Xi, k = l,m. 
i=k / i=l \i=k / i,j=^,i^j i=k 

Then for all A; = 1, m one has 



Wk{x) = {Vx)k + Wk+i{x), k = l,m-l, (5.4) 
Wm{x) = {Vx)m. (5.5) 



Indeed, 



(m ^ 3 k—1 , m s 2 

Xk+ XI + 3 XI ■ ( + XI 

fe— 1 ^ m \ 

+3 X ^i^j • ( 3;fc + X ^0 



(fe— 1 m fe— 1 \ 

^i + ^X^' 'X^^^^ X XiXj] +Wk+l{x) 
i=l i=k *ii=lii<i 

i=l 1=1 hj=^,'i^j 



{Vx)k + Wk+i{x). 



Moreover, 



(m— 1 m— 1 \ 

•^rra "I" '^Xra ^ ^ + 3 ^ ^ XjXj j 
i=l hj=l,i'^j 
m—1 / m—1 \ 2 m— 1 

+ 3 X — 3 1 X ^« ) + X ^^^^ 

A — 1 \ A — 1 / A A — 1 A A 



1=1 ^ i=l ^ i,j=l,i<j 

m—1 m—1 
= Xm I a^rn + 3X^-3 X 



1=1 i,j=l,i<j 



= {Vx)m 

So from (5.4) and(5.5) we find 



( in a rri 

= Wi{x) = iVx)i + W-iix) = ■■■ = ^iVx)i. 
1=1 ^ i=l 

Therefore, the operator given by (5.2) is LV type. 

Now we show that the operator V is injective. Indeed, let x,y G gm-i 
X ^ y. Then there exists ko E I such that 



Xko + Vko, Xi = yi, Vi = l,ko- 1. 
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From (5.2) we find that 



{Vx), = {Vy)^, i = l,fco-l. 



The equahty (5.3) with Xi = yi for ah i = l,kQ — 1 yields that 

fco — 1 fco — 1 ko — 1 kg — I 

C := ^ Xi - ^ XiXj = ^ - ^ y^yj > 0. 
1=1 i,j=l,i<j 1=1 i,j=l,i<j 

Now consider a function 

g{t) = + 3C ■ t, te[0,l], 
which is strictly increasing on the segment [0, 1]. Therefore, for Xk^ ^ yko we get 

iVx)ko = g{xko) + giyko) = iyy)ko, 

which means Vx ^ Vy. 

According to Corollary 3.2 we can conclude that the operator F is a homeo- 
morphism. 

Let us show that (5.1) is not satisfied. Prom (5.2) we find the corresponding 
generating function f of F as follows 

k-l k-l 

(f (x))fe = x| + 3 Xi — 3 XiXj — 1, k = l,m. 

i=l i,j=l,i<j 

For x° = (1, 0, . . . , 0) and y° = (0, 1, 0, ... , 0) one has 

(f(xO)-%0),xO-yO) = -l<0, 
which implies that V is not f— monotone. 

Remark 5.6. Thus, the provided example shows that a LV type operator (2.1) to be 
a homeomorphism the f—monotonicity is a sufficient condition. 

Let us provide another example for a LV type operator (2.1) which it is not 
f— monotone and does not satisfy the assertion (ii) of Theorem 5.3. 

Example 5.7. Let us consider MqLV type operator W^^e. defined in Example 4-6. 

Using the same argument of Example 5.2 we can show that W^^i is not 
f— monotone, i.e. one has if x,y € S"^~^ with x ^ y then 

{f,{x)-ie{y),x-y) < 0. 

According to Theorem 4.8 for any x° G S'^~^ the trajectory {W^^x^j'^^Q 
converges. Now we find its limit point. 

Observation 5.8. Let x^ G riVa, where a is any subset of I, then a limit point 
u{x^) of the trajectory {W^^x^j^g center of the face F^. 

Proof. It is obvious that the fixed points of operator W^^i (see (4.6) ) are only the 
centers of all face of the simplex i.e. if a C / and a = {ii,i2, • • • , v} then 

Fix{W,,i)= M ('o,...,o, ^,o,...,o, ^,o,...,o, ^,o,...,o) 

Vac/ ^ 

il «2 V 
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Since the trajectory {W^^x^}'^^q converges and the hmit point of the trajectory 
is a fixed point of VF^^^ so we need to show that the hmit point is the center of the 
face Fq,. 

Without loss of gcnerahty we may suppose that x° G riS™~^. 
From (4.6) one gets 

{w,,ix\ =4(^^+^p^ {{^y - i4y) ^ij , k=T^. (5.6) 

Let 

m{x^) = {k G I : = min x^} 

i=l,m 

and take A; G m(x°). Then it follows from (5.6) that 

< 4 < iW,,ix\ < iWlix\ < ■ ■ ■. (5.7) 

which means that 

lim (W.V°)fe > 0, ke m(x°), 

n— ►oo ' 

i.e. the minimal coordinate of the limit point is positive. Then the limit point 
belongs to riS"^~^. It is clear that the interior fixed point of W^^i is only the center 
of the simplex, so we obtain 

lun W^^,x' =(-,-,■■■ ,-). 
n-*oo ' \m m mj 

□ 

From Observation 5.8 we immediately find that (ii) of Theorem 5.3 is not 
satisfied for W^^^. 

Remark 5.9. The provided example shows that VMo 7^ ^FV, since W^^i ^ TV- 

Now we are going to show another example of LV type operator which is not 
f— monotone and does not satisfy assertion [Hi) of Theorem 5.3. 

Example 5.10. Consider one dimensional simplex with the following decompo- 
sition 

5l = ri(Jr2UT3U^4U^5, 



where 



^1 11 19 
30 - 30 



T, = {,.€S':H<,,<|}.r, = {xeS':|<..<l}. 

Define an LV type operator V : ^ by 

{Vx)i = Xl{l + fl{xi,X2)) 

iVx)2 = X2{l + f2ixuX2)) ^''•^^ 
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here 



(2 



flixi,X2) 



lOxi 
4x2 - 2 



lOxi 

2X2 



Xl 

One can see that 



ViT2 



if X e Ti, 

if xeT2, 

if xen, 

if xen, 

if xen, 



9 1 

To' 10 



f2ixi,X2) 



2x1 

X2 



10X2 

4x1 - 2 



X'i 



10X2 

2 



- 1 



1 9 
10' 10 



if xeTi, 

if xeT2, 

if X e Ta, 

if xen, 

if xen. 



i.e. the operator given by (5.8) is not injective (moreover it is not a homeomorphism, 
see Corohary 3.2) this imphes that V is not f— monotone (see (i) of Theorem 5.3). 
But V has 2-periodic points in S^. Indeed, 



1 3 
4' 4 



1 3 
4' 4 



3 1 
4'4 



3 1 
4'4 



This establishes that the condition {in) of Theorem 5.3 is not satisfied. 



Remark 5.11. Finally we have to strass that the set VAii of MiLV type operators 
and the set J^V of f— monotone LV type operators does not coincide i.e. VAii / TV. 
Indeed, consider the following 

Example 5.12. Consider again one dimensional simplex with its following de- 
composition 

=Ti[jT2[jT^[jT^, 

where 

Ti = |x G < Xl < ^1 ,T2 = |x G 5^ : ^ < Xl < ^ 



^^^'^12^"^^2 



^|,r4 = |xe5^:^<xi<l| 



Define an LV type operator V : ^ by 

{Vx)i = Xl(l + /l(xi,X2)) 

{Vx)2 = X2(l + /2(a;i, X2)) 



(5.9) 



here 



if xeTi, 

X2 - 2xi 



/l(xi,X2) = < 



3xi 

Xl - X2 

2x1 



if xeT2, 

if xen, 

if xeT4, 



/2(xi,X2) 





2X1 — X2 

3X2 
X2 - Xl 

2X2 



if X e Ti, 

if xeT2, 

if xen, 

if xeT4, 
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One can show that the operator given by (5.9) is MiLV type. It is easy to 
see that V{T2) = (|,|), i-e. the operator is not injective (moreover it is not a 
homeomorphism, see Corollary 3.2) which means it is not f— monotone (see (i) of 
Theorem 5.3). 
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